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Abstract^. Let (R, m) be a Noetherian local ring, / an ideal of 
R and N a finitely generated i?-module. Let k> — 1 be an integer 
and r — depth fe (J, A) the length of a maximal A-sequence in di- 
mension > k in I defined by M. Brodmann and L. T. Nhan (Comm. 
Algebra, 36 (2008), 1527-1536). For a subset S C Speci? we set 
S>k = {p € S I dim(i?/p)>fc}. We first prove in this paper that 
Assjt(H 3 I (N))>k is a finite set for all j<r . Let J\f — ® n >oA„ be a 
finitely generated graded 7?.-module, where 1Z is a finitely generated 
standard graded algebra over Rq = R. Let r be the eventual value 
of depth & (7, N n ). Then our second result says that for all l<r the 
sets Uj<z Ass R(H J j(N n ))> k are stable for large n. 

1 Introduction 

Let (R, m) be a Noetherian local ring, I an ideal of R and N a finitely generated 
i?-module. In 1990, C. Huneke [TTJ Problem 4] asked whether the set of asso- 
ciated primes of Hj(N) is finite for all finitely generated modules N and all I. 
Affirmative answers were given by Huneke-R.Y. Sharp [12] and G. Lyubeznik 
[16] for equicharacteristic regular local rings. Although, A. Singh [20] and M. 
Katzman [13] provided examples of finitely generated modules having some local 
cohomology modules with infinite associated prime ideals, the problem is still 
true in many situations, such as @], [2], [TB], [T7], [12] . However, little is known 
about the finiteness of Assn(Hj(N)). Brodmann-L.T. Nhan introduced the no- 
tion of A-sequence in dimension > k in [5]: Let k be an integer with k > — 1. 
A sequence Xi,...,x r of elements of m is called an A-sequence in dimension 
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> k if Xi £ p for all p e Assr(N/(xi,. . . , x;_i)TV) with dim(i?/p) > fc and all 
i = 1, . . . ,r. They also showed that every maximal TV-sequence in dimension 

> k in 7 has the same length. This common length is denoted by depth fc (7, TV). 
Note that depth_ 1 (7, TV) is just depth(7,TV), depth (7,TV) is the filter depth 
f-depth(7, TV) defined by R. Lii-Z. Tang [IS], and depth 1 (7, TV) is the general- 
ized depth gdepth(7, TV) defined by Nhan [T5]. Let S be a subset of Spec(i?) 
and k > — 1 an integer. We set S>k = {p & S \ dim(i?/p) > k}. The first main 
result of this paper is to prove the following theorem. 

Theorem 1.1. Let (72, m) be a Noetherian local ring, I an ideal of R and 
TV a finitely generated R-module. Let k be an integer with k > — 1 and r = 
depth fe (7, TV). If r < oo and Xi,...,x r is an TV -sequence in dimension > k in 
I, then for any integer j < r the set Ass#(7fj(TV))>/- is finite. Moreover, we 
have 

|jAssfl(77f(TV))> fe = \jAss R (N/(x u ...,x 3 )N)> k r\V(I) 

3<l 3<l 

for all I < r. 

Let 1Z = ® n >oRn be a finitely generated standard graded algebra over i? = 
R and © n >oTV„ a finitely generated graded Tvl-module. In 1979, M. Brodmann 
[2] had proved that the set Assr(N u ) is stable for large n. Based on this result 
he showed in [3j Theorem 2 and Proposition 12] that the integer depth(7, TV n ) 
takes a constant value for large n. We generalized this last one in [5] and showed 
that depth fc (7, TV n ) takes a constant value r% for large n. Moreover, in jS], we 
also prove that the set LL< ri Ass_r(77| (TV„)) U {m} is stable for large n, where 
r\ is the stable value of depth 1 (7, TV„) for large n. Then the second main result 
of this paper is the following theorem. 

Theorem 1.2. Let (R,m) be a Noetherian local ring and I an ideal of R. Let 
71 = (B n >oR n be a finitely generated standard graded algebra over Rq — R and 
TV = ®n>oTV n a finitely generated graded IZ-module. For each integer k > — 1, 
let r be the eventual value o/depth fc (7, TV n ). Then for each integer I < r the set 
[Jj < i AsSfl(77j(TV n ))>fc is stable for large n. 

For two finitely generated i?-modules M and TV, J. Herzog [TU] defined the 
generalized local cohomology module Hj (M, TV) of M and TV with respect to 7 

by 

Hj(M, TV) = lim Ext%(M/I n M, TV). 

It is clear that if TV7 = R, Hj (R, TV) is just the ordinary local cohomology module 
Hj{N) of TV with respect to 7. Therefore all questions about local cohomology 
modules discussed above can be asked for generalized local cohomology mod- 
ules. Thus, to prove the two theorems above, we will show in this paper the 
generalizations of them for generalized local cohomology. Let us explain the 
organization of the paper. In the next section, we present auxiliary results on 
generalized local cohomology modules, the maximal length of an TV-sequence in 
dimension > k in certain ideals of R and relationships between them. In Sec- 
tion 3, we show a generalization of Theorem ll.ll for generalized local cohomology 
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modules (Theorem 13. ip . As consequences, we get again one of main results [T31 
Theorem 3.1] of Nhan (see Corollary 13. 3p and a generalization of the main re- 
sults of Brodmann-Nhan [5J Theorems 1.1 and 1.2] (see Corollary I3.5[) . The last 
section is devoted to prove Theorem 14.41 which is a generalization of Theorem 
11.21 for generalized local cohomology modules. Then we can derive from Theo- 
rem @TU a generalization of the main result of [SJ Theorem 1.2] for generalized 
local cohomology modules (see Corollary 14.51) and some new results about the 
asymptotic stability of the sets of associated prime ideals of Ext-modules (see 
Corollaries \M\ and H77J) . 

2 Generalized local cohomology module 

Throughout this paper we use following notations: we denote by (R, m) a 
Noetherian local ring with the maximal ideal m, and M, A finitely gener- 
ated R- modules; let S be a subset of Speci? and k > — 1 an integer, we set 
S>k = {p G S | dim(i?/p) > k} and S >k = {p G S | dim(i?/p) > k}; for an ideal 
I of R. Im is the annihilator of the R- module M/IM . 

We first recall the notion of generalized local cohomology module defined by 
Herzog in [TP] , 

Definition 2.1. For an integer j > 0, the j th generalized local cohomology 
module Hj(M, A) of M and A with respect to I is defined by 

H 3 j(M, A) = lim n Ext j R (M/I n M, A). 

It is clear that Hj(R,N) is just the ordinary local cohomology module 
H 3 j-(N) of A with respect to I. On the other hand, Ext-modules can be also 
determined in many cases by generalized local cohomology modules. 

Lemma 2.2. (cf. [7, Lemma 2.1]) If I C ann(M) or T/(iV) = N then 
H J j(M, N) Ext4(M, N) for all j > 0. 

The following definition of a generalization of regular sequences is introduced 
by Brodmann-Nhan in [5J Definition 2.1]. 

Definition 2.3. Let k > — 1 be an integer. A sequence xi,...,x r of ele- 
ments of m is called an N -sequence in dimension > k if Xi ^ p for all p G 
AsSfl(iV/(xi, . . .,Xi--i)N) >k and alii = 1, . . . ,r. 

It is clear that x\, . . . , x r is an TV-sequence in dimension > — 1 if and only if 
it is a regular sequence of N; and x\, . . . , x r is an A-sequence in dimension > 
if and only if it is a filter regular sequence of N introduced by P. Schenzel, N. 
V. Trung and the first author in [9j. Moreover, Xi,...,x r is an A-sequence in 
dimension > 1 if and only if it is a generalized regular sequence of A defined by 
Nhan in [IS]. 

Remark 2.4. (i) It is easy to see that if x\, . . . , x r is an A-sequence in dimen- 
sion > k, then so is a;™ 1 , . . . , x^ r for all n\, . . . , n r G N. 
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(ii) Note that every maximal TV-sequence in dimension > k in an ideal I has 
the same length, this common length is denoted by depth,. (7, N) (see [8]). Fur- 
thermore, depth_ 1 (7, N) is the usual depth depth(7, N) of N in I, depth (7, N) 
is the filter depth f-depth(J, N) of N in I denoted by Lu-Tang in [15], and 
depths (I, N) is just the generalized depth gdepth(/,iV) of N in 7 defined by 
Nhan Pi]. 

Lemma 2.5. ([8, Lemma 2.3]) Let k > — 1 &e an integer. Then 

depth fc (/, AO = infjdepth^^/p,^) | p g Supp^JV/ZJV)^} 
/or a/Z < i < fc + 1, where we use the convention that inf(0) = oo. 

The following two results are useful in the sequel. 
Lemma 2.6. (cf. [TJ Proposition 5.5]) The following equality is true 
dcpth(7 M , AO = inf{i | H}(M,N) ^ 0}. 

Lemma 2.7. ( 6, Theorem 2.4]) Let r = depth(iM, AT). Assume that r < oo 
and let x\, . . . , x r be a regular sequence of N in Im ■ Then 

Ass fl (H r j(M, AO) = Ass fl , (N/(x u . . . , x r )N) n F(J M ). 

3 Proof of Theorem 11.11 and its consequences 

The following theorem for generalized local cohomology modules implies Theo- 
rem [O] when M = R. 

Theorem 3.1. Let (i?,m) be a Noetherian local ring, L an ideal of R and 
M,N finitely generated R-modules. Let k be an integer with k > — 1 and r = 
depth fc (Im , N) . If r < oo and x±, ■ ■ . , x r is an N -sequence in dimension > k in 
Im, then for any integer I < r we have 

U Ass R (Hj(M, A0)> fe = |J Abb r (N/(x u . . . , x 3 )N)> k n V(I M ). 
Therefore Assji(Hj (M, N))>h is a finite set for all j < r. 

Proof. Let I be an integer with < I < r. For eachp g M-<j Ass fl (7J^ (M, AT))> fe 
there exists an integer j < I such that p g Assr(H J j° (M, N)) and p £ Ass R (H J j (M, N)) 
for all j < jo- Assume that p ^ Assr(N/(xx, . . . ,Xj)N) for all j < jo, then 
pR p <£ Ass Rp ((N/(xi, . . . ,Xj)N) p ). Hence 

Ass Rp ((N/(xi, x 3 )N) p ) = Ass Rp ((N/(x u . . . , ^)A0p)>i 

for all j < jo. Since Xi/1, . . . , Xj /1 is a filter regular sequence of A^ p by Lemma 
I2.5l and the hypothesis of X\, . . . , Xj , it follows that xi/1, . . . , Xj /1 is a regular 



4 



sequence of N p , and so depth((/ M ) P , N p ) > jo- Since p € Ass^Hf (M , AT)), 
H J I °(M,N) p ^ 0. Thus depth((I M )p, Ap) < jo by Lemma HH and hence we 
obtain that depth( ( Im ) p, A^) = j . This yields by Lemma |2"TT1 that 

Ass fl , p (fff (M, JV) P ) = Ass fl , p ((JV/fo, . . . , z jo )A0 P ) n ^((/ M ) p ). 

Hence p e Assr(N/(xx, . . . , Xj )N) n V(Jm)- Thus 

U Asa R (Hj(M, N))> k C |J Abb r (N/(x u . . . , x 3 )N)> k n F(J M ). 

Conversely, for any p e Uj<; Ass^AT/ (xi, . . . , Xj)Af)>fcfW(/M), there is an inte- 
ger e < I such that p £ Asbr(N/(xi, . . . ,x e )N) and p ^ Ass R (N/(xi, . . . ,Xj)N) 
for all j < e. So pi? p ^ Ass_r p ((N/(xi, . . . , Xj)N) p ) for all j < e. Hence 

Ass fl , p ((N/(xi, Xi)N) p ) = Ass Rp ((N/(x u . . . , ^-)^)p)>i 

for all j < e. Therefore xi/1, . ■ . , x e /l is a regular sequence of Np, and so 
that depth((lM)pj AT p ) > e. Keep in mind that p e Ass R (N/(xx, ■ ■ ■ ,x e )N), so 
depth((/M)p,(A^/(xi,...,Xe)Ar)p) = 0. Thus we get depth((/ M ) p , N p ) = e. It 
follows by Lemma 12771 that p e Ass R (Hf(M,N)). This implies that 

U A B 8 R {H 3 j(M,N))> k D\jAss R (N/(x 1 ,...,x 3 )N)> k nV(I M ), 

3<l 3<l 

and the theorem follows. □ 

Theorem 1 1.1 1 and Theorem 13 . 1 1 lead to many consequences. It was showed in 
Proposition 2.6] that if X\ ..... Xy IS Qi permutable A^-sequence in dimension 
> k then |J ni jirf - N Ass R (N/(xi 1 , . . . ,x 7 l !: r )N)>k is a finite set. By virtue of 
Theorem 13.11 we can prove this result without the hypothesis that X ]^ • » • » • Xy IS 
a permutable A^-sequence in dimension > k. 

Corollary 3.2. Let k be an integer with k > — 1 and x±, . . . ,x r an N -sequence 
in dimension > k (not necessary permutable). Then 

U Ass R (N/(x?\ . . .,x?)N)> k = Ass R {N/(x u . . ., Xj )N)> k 

for alln\,...,n r G N. In particular, Uni,...,n r eN Uf< r Ass fl (AT/(x" 1 , . . . , x™ 3 )N)> k 
is a finite set. 

Proof. Let n±, . . . , n r be positive integers, then x™ 1 , . . . , x" r is an A'-sequence 
in dimension > k by Remark 12.41 For each integer i with < i < r, we set 
Ii = (xi, . . . , x^. Since 

A SSR (N/(x^, . . .,x?)N)> k = A SSr (N/(x?\, . .,x?)N)> k n 
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for any r-tuple of positive integers n\, . . . , n r , it follows from Theorem 11.11 that 
U(U:W,://;.:.Y:: *) = \j(\jAs SR (N/(x^,...,x^)N)> k nV(I t )) 

= \jAss R (N/(x^,...,x?)N)> k . 

j<r 

Then the corollary follows from the fact that the set on the left hand of the 
equality is independent of the choice of n\, . . . , n r . □ 

Setting k = 1 in Corollary 13.21 we get the following corollary which covers 
Theorem 3.1 of [19]. 

Corollary 3.3. Let x\, . . . ,x r be a generalized regular sequence of N . Then 
(J Abb r (N/(x? x? )N) U {m} = (J Ass fl (JV/(xi, . . . , x 3 )N) U {m} 

j<r j<r 

forallni,...,n r £ N. In particular, \J nx ,-,n r e^j<r Ass R (N/ (x^ 1 , . . . ,x™ 3 )N) 
is a finite set. 

Corollary 3.4. Let k be an integer with k > — 1. Set r = depth fc (ann(M), N). 
If r < oo and Xx, . . . , x r is an N -sequence in dimension > k in \J ann(M), then 
for any integer I < r we have 

(J Ass^Ext^A/, N))> k = \J Ass fl (JV/(xi, . . . , ^)iV)> fe H F(ann(M)). 

Proof. Set / = J ann(M). It is easy to see that Im — \fl~M = !• Hence 
r = depthj.(Jjvf, N) and x\,.. . ,x r is an iV-sequence in dimension > k in Im- 
Moreover, we have in this case that Ext R (M,N) = Hj(M,N) by Lemma l2~2l 
Therefore the conclusion follows from Theorem 13. II □ 

Let j > 0, t > be integers. Let a = (a±, . . . ,a s ) be elements of R and 
t = (ii, . . . ,t«) an s-tuple of positive integers. For an ideal / we set 

T j {l\N) = Ass R (Ext j R (R/I t ,N)) and 

T j (a 1 , JV) = Ass fl (Ext ^ (i?/ (a^ 1 , . . . , a 1 / ) , N) ) . 

Then we get the following relation between these sets. 

Corollary 3.5. Let k > —1 be an integer, I an ideal of R andr = depth fc ( J, N) . 
If r < oo and x\, . . . ,x r is an N -sequence in dimension > k in yj- Then, for 
any system of generators a\,...,a s of I and all integer I < r, we have 

\jT*(P,N)> k = \jAss R (N/(x 1 ,...,x j )N)> k nV(I) = \J T*{a\ N)> k 

3<l 3<l 3<l 
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for all t G N and all t G N s . In particular, for any integer j < r the sets 
UteN T 3 (P, N)>k and UteN s T J (ar, N)> k are contained in the finite set 

|J AsB H (JV/(a!i, . . . , !C 4 )JV)>* n ^OO' 

Proof. Since v 7 /* = VT = \/ (a^ 1 , . . . , ai 3 ) for all positive integer t,t\, . ■ . ,t s , 

thanks to Corollarv l3.4l we obtain by setting M = R/P and M — i?/(a* 1 , . . . , a* s ) 
that 

|J Ass^Ext^/?//', A))> fe = |J Ass B (JV/(a:i, . . ,,xj)N)> k n V(J) and 
j'<J j'<i 

(J Ass fl (Ext^(i?/(a t 1 1 , . . . , a*/), N))>k = \J Asb r (N/(x u Xj )N)> k n 

J'<! J<* 

for all I < r, and the corollary follows. □ 

Remark 3.6. The main result of Brodmann-Nhan [5] Theorems 1.1 and 1.2] 
says that for a non negative integer r, if dim Supp Hj(N) < k for all i < r, then 
the sets \J teN T 3 (P, N)> k and UteN s T 3 (a-, N)> k are contained in the finite 
set Ui<j AsSij(Ext^j(i?/J, AT)) for all j < r. Moreover, if xi, . . . , av is at the 
same time a permutable A-sequence in dimension > k and a permutable /-filter 
regular sequence in I, then these sets are contained in the finite set 

Ass R (N/( Xl , . . ., Xj )N)> k+ i U (J Ass R (N/(x u . . .,x z )N) k , (*) 

where Asbr(N/(xi, . . .,Xi)N) k = {))€ Abb r (N/(xi, . . . , x t )N) | dimiJ/p = k}. 
In fact, since the equality in Corollary 13.51 do not depend on t and t, thus for 
an y j < r the sets UteN T 3 ^, N)> k and UteN s T 3 (gr, N)> k are contained in the 
set \Ji<j T l {I, N)> k = Ass fi (Ext^CR/7, N))> k . This shows that Corollary 
[33]covers Theorem 1.1 of [5j. Moreover, let p G T 3 (P,N)> k U T 3 (gA,N)> k for 
some £, i. If dim(/?/p) = k then p belongs to the set (*) by Corollary 13.51 If 
dim(i?/p) > k + 1 then depth(/ p , N v ) = r. Therefore j = r in this case, and so 
p G T r (I,N). Since Ext r R (R/I, N) Hf(R/I,N) by LemmaES] it follows by 
Lemma [2~71 that p G Ass(A/(xi, . . . ,x r )N)> k +i. Thus Corollary [33] also covers 
Theorem 1.2 of [5] for local rings without the assumption that X\, . . . ,x r is at 
the same time a permutable A-sequence in dimension > k and a permutable 
/-filter regular sequence in /. 

4 Proof of Theorem 11.21 and its consequences 

In this section we always denote by 1Z — ® n >aRn & finitely generated standard 
graded algebra over Rq — R and Af = ® n >oN n a finitely generated graded 
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7£-module. Firstly, we recall two results on the asymptotic stability of asso- 
ciated prime ideals [2] (see also [18j Theorem 3.1]) and of generalized depths 
depth fc (I,iV n ) [El Theorem 1.1] as follows. 

Lemma 4.1. The set Assu(N n ) is stable for large n. 

Lemma 4.2. (JSJ Theorem 1.1]) Let k be an integer with k > —1. Then 
depth fe (7, N n ) is independent of n for large n. 

In view of Lemma I4T21 if r = depth fc (7, N n ) for all large n then we call that r is 
the eventual value of depth fc (7, N n ). 

Lemma 4.3. Let k be an integer with k > — 1 and r the eventual value of 
depths (/, N n ). Assume that 1 < r < oo. Then there exists a sequence x±, . . . ,x r 
in I which is an N n -sequence in dimension > k for all large n. 

Proof. Let r > 1 be the eventual value of depth fc (J, N n ). By Lemma I4TT1 we can 
choose x\ E I such that x\ ^ p for all p S AsSfl(A r „) > fc and all large n. Then 
depth fe (/, N n / X\N n ) = r — 1 for all large n. By the induction assumption, there 
exists a sequence X2, ■ ■ ■ , x n € / to be an N n / x\N n - sequence in dimension > k 
for all large n. Thus x\,...,x r is the sequence as required. □ 

Proof of Theorem \1.2l Theorem 11.21 follows immediately from the following 
theorem when M = R. 

Theorem 4.4. Let (i?, m) be a Noetherian local ring, J an ideal of R and M 
finitely generated R-module. Let 1Z — © n >o-Rn be a finitely generated standard 
graded algebra over Rq = R and J\f — (S n >oN n a finitely generated graded 1Z- 
module. For each integer k > —1, let r be the eventual value o/depth fe (/M, N n ). 
Then for each integer I < r, the set 

\jAss R (Hj(M,N n ))> k 
j<i 

is finite and stable for large n. 

Proof. Let r be the eventual value of depth fe (/M, N n ). We need to show that 
for any integer / < r the set {Jj <t A-SS]i(Hj(M, N n ))>k is finite and stable for 
large n. 

By Lemmas l4.1l and l4T2l we can find a large integer t such that Ass#(-/V„/ Tm^ti) 
is stable and r = depth fc (/j\/, N n ) for all n > t. Set d — dim(N t /lMN t ). We 
consider three cases as follows. 

Case 1. If d < k, then r — oo and the conclusion follows as 

UAfls fl (^(M,JV n ))> fc = 

for all n > t. 
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Case 2. If d = k, then r = oo. It follows for all positive integers n > t that 
(J Ass R {H ] j(M,N n ))> d C Supp R (iV n // M iV n )> (J = Ass R (N n /I M N n )> d , 

3<l 

since the set Ass R (N n / lMN n )> d only consists of all minimal elements with 
dim(i?/p) = d. Hence 

X = U U Ass R (H 3 j{M,N n ))> d C J Assfi(^„/7MiV„), 

therefore X is finite by Lemma 14.11 Thus we can take t sufficiently large such 
that for each pel then 

pe U Ass R (Hj(M,N n ))> d 

3<l 

for infinitely many n > t. Now for each p e X we set s to be the eventual 
value of depth((JAf)p, (N n )p), then we can write s = depth((7j\/) p , {N n ) p ) for 
all n > n(p) for some integer n(p) > t. Then Hf(M,N n ) 9 ^ for all n > n(p). 
Moreover, by the definition of X, it implies that s < I. Hence p is a minimal 
element of Supp R (Hf(M,N n )), and so that 

p e Ass R (HI(M,N n ))> d C [jAss R (Hj(M,N n ))> d 

3<l 

for all n > n(p). Therefore the set 

\jAsB R (Hi(M,N n ))> d 

3<l 

is finite and stable for all n > max{n(p) | p e X}. 

Case 3. Assume that d> k. Then r < oo. If / = 0, then 

Ass R {H°(M,N n ))> k = Ass R (N n )> k n V(/ M ) 

is finite and stable for large n by Lemma 14.11 Assume that 1 < / < r. In 
this case, by Lemma 14.31 there exists a sequence x\, . . . ,x r in Im which is an 
A^„-sequence in dimension > k for all n > u for some integer u > t. By Theorem 
13.11 we get the following equality 

[jAss R (Hj{M,N n ))> k = \jAss R (N n /(x 1 ,...,x j )N n )> k nV(I M ) 

3<l 3<l 

for all n > u. Therefore wc conclude by Lemma T4. II that the following set 

{jAss R (Hj{M,N n ))> k 

3<l 

is finite and stable for large n as required. □ 
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The rest of this section devotes to consider many consequences of Theorem 
14.41 By replacing k = —1,0,1 in Theorem 14.41 we get the following result 
which is an extension of the main result in [5J Theorem 1.2] for generalized local 
cohomology modules. 

Corollary 4.5. Let r, ro and r% be the eventual values of depth (Im, N n ), 
f-depth(/fl/, N n ) and gdepth(/M, N n ), respectively. Then the following state- 
ments are true. 

(i) The set Ass R (Hj(M, N n )\ is finite and stable for large n. 

(ii) For each integer lo < ro the set Uj<i Ass#(iJ| (M, N n )) is finite and stable 
for large n. 

(hi) For each integer l\ < r\ the set UjXd Ass R (Hj (M, N n )) U {m} is finite 
and stable for large n. 

Proof, (i) Since H 3 j(M, N n ) = for all j < r and all large n, so that 
(J As SR (Hj(M,N n ))>^ = Ass fl (H r j{M,N n )) 

j<r 

is finite and stable for large n by Theorem 14.41 

(ii) The conclusion follows from Theorem 14.41 and the equality 

U Ass R (Hj{M,N n ))> = (J Ass R (Hi{M,N n )) 

3<lo j<lo 

for all < r o and all large n. 

(iii) For each l\ < r\ we have 

(J ABB fl (fl-|(M,iV n ))>i U {m} = (J k^ R (E\{M,N n )) U {m} 
J"<«i j<h 

for all large n. Therefore the result follows by Theorem 14.41 □ 

Note that if I = ^ann(M) then H 3 j(M, N n ) = Ext j R (M, N n ) for all j > by 
Lemma [2T2l Moreover, in this case we have Im = VTzif = I- Therefore Theorem 
14.41 leads to the following immediate consequence. 

Corollary 4.6. Let k be an integer with k > — 1 and r the eventual value of 
depth fc (ann(M),iV„). Then for any I < r the set \J jKl Ass R (Ext j R (M, N n ))> k 
is stable for large n. 

For an integer j > 0, an ideal / of R, a system a — (ai, . . . , a s ) of elements 
of R, and a s-tuple t= (t\, . . . , t s ) E W, as in the previous section we set 

T*(I*,N n ) = Ass R (Ext R (R/L\ N n )), 

T j (a L , N n ) = Ass K (Ext] ? (i?/(a t 1 1 , . . . , N n )). 

Then we have 
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Corollary 4.7. Let k > — 1 be an integer, I an ideal of R and r the eventual 
value of depth fc (7, N n ). Let a\,...,a s be a system of generators of L and an 
integer I < r. Then for all positive integers t, t\, . . . , t s the following sets 

> fe and 

>k 

3<l 3<l 

are stable for large n. Moreover, if r < oo then 

|J Tt(I*, N n )> k = (J T j (a & , N n )> k 

are stable for all large n. 

Proof. By Lemma [4.21 we find a large integer u such that r = depth fc (/, iV n ) 
for all n > u. Let t,ti,...,t s be positive integers. Since a/J* = \fl = 

J (a^ 1 , . . . , as s ) , therefore 

r = depth fe (V7, N n ) = depth fc (/*,iV n ) = depth fe ((a f i 1 , . . . , a\'),N n ) 

for all n > u. This implies from Corollary 14.61 by setting M = R/I* and 
M = R/ial 1 ,...,a*') that [j^ Tl(I*,N n )> k and [j^ T 3 (at-, N n )> k arc stable 
for large n. We now assume that r < oo. Then, for any n > u, we have by 
Corollary[H3]that U f<; T*(P,N n )> k = \J j<:l T j (a± N n )> k for all for all positive 
integers t, tx, ■ ■ ■ , t s . Thus they are stable for all large n. □ 
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